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不同密度下林分生長反應之模式* 

馮豐隆** 

 

中文摘要 

 

Schnute模式使用於臺灣之柳杉五種密度以及南非之玫瑰桉十二種密度的人工林永

久樣區資料驗證時可發現：模式之預估結果無論與單木或全林分的各種生長性態值比較

都十分吻合。本模式之母數穩定，計算容易，並且能反應不同生長期間、不同栽植密度、

不同地位級的林分生長。其中描述幼齡林林分資料的指數生長曲線對其再生的生長現象

亦可描述得相當好。 

 

模式對密度的反應不受樹種的影響，皆可歸納為三種胸高直徑生長類型﹕(一)以新

建模式配合每公頃栽植密度株以下的胸高直徑資料時,模式的母數分布於0<r, 0<s<1，所

以其生長曲線為具有反曲點和漸近線的拉長S型。(二)當新建模式配合栽植密度在

1,000~3,500株/公頃的資料時,其模式的母數分布於0<r, 1≦，所以其生長曲線呈不具反曲

點而有漸近線的漸近弧線。(三)當新建模式配合栽植密度在3,500株/公頃以上的林分胸高

直徑資料時，其模式母數的分布為‧(W2/W1)/(T2-T1)<r≦0,1<s，所以其生長曲線達到漸

近線後再往上翹。且這種反應是依序漸進的。 

 

研究中，所用的平行曲線分析法，可以解決資料的合併與生長曲線類型的區分問

題。新建模式經以南非玫瑰桉資料利用平行曲線分析法分析結果與經由模式微分設定之

限制條件所區分之生長曲線類型皆一致。利用此檢討資料合併前後之曲線類型，藉由曲

線類型的異同，瞭解資料可否合併的問題。此正證明平行曲線分析法在曲線類型的區分

與資料合併之曲線分析的研究上，是一頗值得推廣的方法。 

 

【關鍵詞】生長模式、Schnute模式、密度、平行曲線法、柳杉、玫塊桉 
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MODELLING STAND GROWTH VARIES IN 
RESPONSE TO DIFFERENT SPACING* 

Fong-Long Feng** 

 

ABSTRACT 

 

The Schnute's growth model is applied to the different characteristics of stand growth, 
stand structure of 5 kinds of density of Cryptomeria japonica man-made forests in 
Taiwan .Excellent agreement between observed and expected values has been obtained. From 
the fitted parameters of different density, site quality, growth period, and different stand 
characters, we can clearly see that Schnute's growth model can successfully tracked sigmoid 
growth, reversed J-form and renewed growth. 

The parameters of  Schnute's growth curves can response to the different densities of stand. 
To sum up the study of 5 kinds of density of Cryptomeria japonica plantation in Taiwan, the 
parameters obtained can be divided into 3 growth types. The different growth types of diameter 
of breast height are described as follows: (1) when the stand density is under 1000 stems per 
hectare, the parameters of the general growth model is 0<r and 0<s<1, and the growth curve is 
sigmoid; (2) when the stand density is 1,000-3,500 stems per hectare, the parameters of the 

general growth model is 0<r and 1 s, and the growth curve is reversed J-form with asympototic 
line and non-inflection point; (3) when the stand density is more than 3,500 stems per hectare, 

the parameters of the general growth model is -sln(W2/W1)/(T2-T1) <r0 and 1<s, and the 
growth curve is beyond the asymptotic level; with two asymptotes in sigmoid shape. 

Parallel curve analysis is used to compare the growth types by examining the whole 
process represented by the curve and not just certain points. The parallel curve analysis could be 
compared with the overall significance of the differences in curve slopes (parallelism) or 
patterns (displacement) by adding the process represented by the curves. The parallel curve 
analysis, which calls for the need to perform analysis of variance comparison at a number of 
different values of the independent variables, allows statistical assessment of the whole curve. 

 

Key words: Growth model, Schnute's curve, density, parallel curve analysis, Cryptomeria 
japorrica, Eucalyptus grandis. 
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INTRODUCTION 

The Schnute's growth model is derived from growth acceleration. The growth curve can 
describe not only asymptotic growth but also linear, quadratic, or exponential growth. Richards, 
Gompertz, or logistic curves are some special cases of Schnute's model. The parameters related 
directly to the observed data and were influenced only minor changes in model.(Schnute 1981) 
Schnute's model successfully tracked renewed growth of stands after marked competition 
mortatity (BredenKamp and Gregoire 1988). BredenKamp and Gregoire argue that Schnute‘s 
model didn't provide any insight into the biological growth.  Is Schnute‘s model motivated by 
concise biological principle?  We applied Schnute's model to describe stand growth of different 
initial spacing. We intend to proof the parameters of the model do have biological meaning.  

Parallel curve analysis was used to make comparisons between two curves by examining 
the whole growth process represented by the curve and not just a point or portion thereof. The 
analysis is based on assessing the significance of changes in residual sums of squares saved 
from a series of curve fitting procedures. The analysis had been applied in Richards function 
which curve fitting of germination data (Berry etc. 1988). 

For the sake of versatility and ease of the estimating parameters, we checked the 
parameters of Schnute's model which responsed to different initial density. Growth curve types 
and a number of derived quantities including age at 0 size, age and size of growth inflection, and 
age of asymptotic size are estimated. Parallel curve analysis can be used to identify two different 
curves described the forest stand of different spacing. 

 

DATA AND METHOD 

1. Data 

The cryptomeria trees were planted between 1929 and 1930 in the Experimental Forest of 
the National Taiwan University. There are five kinds of initial spacing: 3.1m*3.1m, 
2.3m*2.3m, 1.9m*1.9m, 1.7m*1.7m, 1.5m*1.5m (1024, 1934, 2648, 3520, and 4552 stems / 
ha.) in the permanent plots with 0.1 ha. each. Measuring time began in stand age 6 and 7. There 
are no intermediate cutting, no insect and disease inflected in the duration of life till now. 
(Yang, 1975). From the study of duration of growth data to stability and consistency of growth 
models, it showed 25 ages of cryptomeria trees are enough to develop the model for predicting 
stand growth. The important stand characteristics of the permanent plots as following: 
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Table 1. The important stand characteristics of the permanent plots in different initial density. 
Spacin

g 
3.1m *3.1m 2.3m * 2.3m 1.9m * 1.9m 1.7m * 1.7m 1.5m * 1.5m 

Age Density DBH Height Density DBH Height Density DBH Height Density DBH Height Density DBH Height 
(yr) (stems) (cm) (m) (stems) (cm) (m) (stems) (cm) (m) (stems) (cm) (m) (stems) (cm) (m) 

                
2 1035  0.70 2044  0.64 2901  0.64 3704  0.71 4754  0.61 
3 1035 0.09 1.18 2011 0.01 1.00 2803  0.99 3704 0.01 1.00 4631  1.01 
4 1035 2.26 2.35 1956 1.05 2.02 2662 0.99 2.15 3582 0.83 1.98 4554 0.83 2.23 
5 1035 4.79 3.72 1945 3.06 3.36 2620 2.81 3.60 3541 2.33 3.22 4538 2.41 3.74 
6 1035 6.79 5.09 1934 5.87 4.95 2620 4.06 4.57 3531 4.64 4.84 4538 3.51 4.73 
7 1035 9.19 6.16 1934 8.18 6.01 2620 7.80 6.19 3510 6.62 5.81 4492 7.27 6.10 
8 1012 11.53 7.01 1923 10.27 6.78 2620 9.56 7.11 3500 8.24 6.72 4492 8.48 7.19 
9 1000 13.72 8.00 1901 12.35 8.01 2620 10.74 7.89 3490 9.85 7.83 4446 9.38 7.92 

10 1000 15.34 9.28 1901 13.51 9.20 2577 11.94 8.90 3490 10.84 9.07 4415 10.13 8.81 
11 1000 17.13 9.91 1901 15.01 9.92 2577 12.75 9.87 3490 11.76 9.68 4400 10.78 9.78 
12 1000 18.59 10.83 1890 16.04 10.83 2577 13.54 10.60 3408 12.65 10.52 4292 11.43 10.47 
13 1000 20.50 11.67 1890 17.43 11.61 2563 14.26 11.28 3388 13.63 11.23 4138 12.14 11.20 
14 1000 21.11 12.43 1890 17.82 12.41 2535 15.24 12.04 3316 14.02 11.93 3969 12.97 11.94 
15 1000 21.76 13.38 1890 18.40 14.07 2493 15.69 12.72 3316 14.33 12.72 3600 13.74 12.79 
16 1000 22.58 14.18 1868 18.92 14.16 2451 16.22 13.41 2408 16.15 14.06 3585 14.08 13.41 
17 1000 23.70 15.53 1868 19.40 15.20 2000 17.59 14.78 2408 16.58 14.88 2892 15.52 14.83 
18 1000 24.34 16.27 1868 20.27 15.87 1986 18.20 15.39 2408 16.96 15.72 2862 15.59 15.25 
19 1000 24.50 16.49 1868 20.44 16.09 1986 18.60 16.13 2378 17.24 16.03 2785 16.56 16.22 
20 1000 24.71 16.64 1868 20.60 16.35 1972 18.97 17.13 2357 17.95 16.38 2646 17.06 16.66 
23 988 26.67 17.76 1824 21.69 17.70 1930 19.22 16.67 2255 18.62 17.88 2600 17.27 16.91 
24 976 26.63 18.58 1758 22.15 18.74 1817 20.61 17.75 2153 19.26 18.97 2385 18.77 18.30 
25 976 26.87 18.81 1725 22.47 19.27 1775 21.17 18.70 2133 19.36 19.22 2246 19.46 19.27 
26 965 27.05 19.05 1637 22.98 19.60 1746 21.29 19.01 1969 19.99 19.96 2169 19.71 19.60 

 

There are 12 levels of Eucalyptus grandis stand density replicated 3 times built in 
Langepan Vegion (32o12'E¡A28 o 16'S) of  Kwambonambi South . The stand density are: 25, 62, 
124, 247, 371, 494, 741, 988, 1482, 2965, 4304 and 6726 stems per hectare and there was no 
intermediate cutting during the surveying period (BredenKamp, 1988) Stand ages of survey 
data are during 1.5 to 32.8. At the end of  the 32-year analysis BredocKamp found that there was 
competition mortality and thinning was necessary to promote mean dbh acceleration 
(BredenKampd Gregnie, 1988). 

 

Methods 
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Growth curves could classify into 8 regions by 4 lines (1) r axis (2) s axis (3) s=1 axis (4) 

s= -[(T-T)/ln(W/W)] r. The characteristics of curves regions are as following: 
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Fig 1 Set of 8 regions in the r, s-plane defined by 4 lines (Schnute, 1981). 

 

The solid lines correspond to the r-axis and s-axis.  

The broken line parallel to the r-axis is defined by s=1. The diagonal broken line with 
negative slope corresponds to equation in the text (Schnute, 1981). 

The Schnute's growth model is applied to the different characteristics of stand growth, 
stand structure of 5 kinds of planting density of Cryptomeria japonica in Taiwan. And 12 kinds 
of density of Eucalyptus grandis in a plantation in South Africa which were worked by 
BredenKamp and Gregoire (1988). 

Parallel curve analysis is used to compare the growth types by examining the whole growth 
process. There are four steps in the process (Berry etc. 1988): 

(1) Fit individual stand growth curve with unique parameters (ri, si, W1i, W2i) 

(2) Fit sets of data with common or average nonlinear parameters (r, s) while retaining 
unique linear parameters (W1, W2). 

(3) Fit all data in one analysis using common linear and non-linear parameters. 

(4) Carry out analysis of variance using the residual sums of square saved from steps 1 to 3. 

 

RESULTS 

 

1. Initial value of parameters and curve fitting 

In curve-fitting with nonlinear regression, we have to set an initial value at first. We can 
get the initial value of parameters W1, W2 in Schnut's model from observed values of time T1, 
T2. Though trial and error, we get the distribution of parameter r and parameter s of stand 
characteristics described by Schnute's model as following: the r value of average dbh is located 
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between -0.20253~0.85784; average height curve is -0.0467~1.02425; stand basal area is 
-0.03383~1.14963; stand growing stock is -0.16192 ~1.46217; basal area per hectare is 
-0.08054~0.18409; volume per hectare is -0.00880~0.19167. The s value of Schnut's growth 
curve: average dbh is -3.70557~3.40624; average height -8.07259 ~3.91263; average basal area 
is 0.96821~1.95778; growing stock is -1.00072~0.93823; basal area per hectare. is 
-0.22528~5.60620; growing stock per hectare is -0.70868~1.54220.  It can show clearly in the 
following figure 2. 

We use Schnute’ s model to fit the stand date of the average dbh, height, BA / ha. and 
volume per ha. of different spatial density of Cryptomeria. The estimated parameters of each 
growth models are showed in table2. 

 

Average dbh

Average height
Average BA
Average volume
BA per ha
V per ha

-0.5              0.0            0.5   1.0               1.5              2.0

r value

Average dbh

Average height
Average BA
Average volume
BA per ha
V per ha

-8.0              -5.0            -2.0   1.0               4.0               7.0

s value

 

Fig 2. The distribution of initial value of r, s in Schnut's model. 

 

Table 2. The curve types and parameters values of stand characteristics in different initial 
density stand. 

parameters of Schnut's model  initial 
spacing 

characteristics
W1 W2 r s SSE 

 DBH 6.70758 27.0446 0.14440 0.81411 1.03414 
 H 5.24837 18.9866 0.16907 -0.6054 1.03669 

1.5*1.5m BA 0.01197 0.50336 0.12592 0.23614 0.00097 
 V 0.00360 0.05923 0.13058 0.50765 0.00001 
 DBH 5.72296 22.5835 0.10742 1.48007 0.93991 
 H 4.88979 19.4219 0.08951 0.49854 1.30500 
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1.7*1.7m BA 0.00239 0.04238 0.07860 0.94629 0.00000 
 V 0.00479 0.38207 0.04482 0.70799 0.00063 
 DBH 0.00000 21.5991 -0.0224 3.04481 1.17029 
 H 4.99066 18.9651 0.10359 0.21504 1.86274 

1.9*1.9m BA 0.00167 0.03821 0.00526 1.24964 0.00000 
 V 0.00981 0.33272 0.06828 0.35817 0.00063 
 DBH 4.65698 19.8378 0.06363 1.57706 1.24344 
 H 4.84882 19.7776 0.06495 0.63187 1.03343 

2.3*2.3m BA 0.00231 0.03222 0.09879 0.49627 0.00001 
 V 0.00806 0.29487 0.09107 0.25259 0.00077 
 DBH 3.57876 20.0409 0.0745 3.40624 1.74410 
 H 5.01601 19.5954 0.06502 0.59962 0.97204 

3.1*3.1m BA 0.00155 0.03306 0.0338 1.34805 0.00000 
 V 0.00826 0.29718 0.03680 0.43155 0.00041 

 

Mean square error (MSE)is a statistic to show the mean difference of observed value and 
estimated value.  With equal data, we can use residual sums of square (RSS) to test suitability of 
model. From table 2, we found that RSS of each curve fitting is so small that Schnute's model fit 
the stand growth very well. 

Parameters obtained can be divided into 3 growth types. The different growth types of 
diameter of breast height are described as follows: 

(1) when the stand density is under 1,000 stems per hectare, the parameters of the general 
growth model are 0<r and 0<s<1, and the growth curve is sigmoid;(2) when the stand 
density is 1,000-3,500 stems per hectare, the parameters of the general growth model are 

0<r and 1s, and the growth curve is reversed J-form with asympototic line and 
non-inflection point; (3) when the stand density is more than 3,500 stems per hectare, 

the parameters of the general growth model are -sln(W2/W1)/(T2-T1)< r  0 and 1<s, 
and the growth curve is beyond the asymptotic level; with two asymptotes in sigmoid 
shape. The growth curves of stand characteristics of different plant are showed in figure 
3.  
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Fig 3. The shape of growth curve in different planting spacing of  Cryptomeria japonica in 
Taiwan 

 

2. Biological Meaning in Growth Analysis of Schnute's model 

We tried to explain biological meaning from parameters of (1) total growth curve; (2) 
annual growth rate curve; (3) acceleration curve. 

(1) Total growth curve (Biological curve) 

The resulting curve depends on the 4 parameters, namely r, s, W1, W2. The two time 
T1, T2 are regarded as chosen and W1, W2 fixed by the modeller. So parameter r and s are 
the key factors in curve setting. 

The parameters of average volume growth curve described by Schnute's model are 
defined in r>0, 0<s<1. The case represents the classical situation in which the curve is 

S-shaped and asymptote with limited size W. There are 4 characteristics of the S-shape 
curve: 

(a) The curve crossed the X-axis (Time-axis)at age T0, 
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(b) The inflection point (Ts, Ws), occurred at age Ts. 

(c) At the inflection point, we get maximum absolute growth rate (AGR) volume Ws. 

(d) Approach to asymptotic with limiting size W. 

 

The derived function  of characters are: 

     T r e W e W W Wr s r s s s
0 1 2 2 1 2 11 2 1        ln / ......(2) 

     T r s e W e W W Ws
r s r s s s        

1 2 2 1 2 11 2 1ln / ....(3) 

    W s e W e W e es
r s r s r r s

   1 2 1 2 1
2 1

1   / ......................(4) 

   W e W e W e er s r s r r s

     2 1 2 1
2 1

1
/ ...............................(5) 

 

From table 3, we can see the changing tendency of Schnute's parameters which are derived 
from stand volume data of cryptomeria permanent plots.  

A consistent decrease in the value of r and increase in the value of s with increasing 
stocking density. 

Stand is denser, T is smaller. It's said that trees of dense forests arrived diameter height 
(1.3m) quickly. 

 

Table 3. Parameter estimates of Schnute's model for stand growth of Cryptomeria planted at 
different stocking densities 

spacing characteri
stics Ts W To Ws Zs Z1 Z2 m   

 DBH(cm) 4.86427 28.3798 3.44019 3.59250 -0.77688 -0.39661 -0.00709 0.185882 2.70288 0.17738 
 H(m) 10.3924 20.3620 - 9.31623 -0.10531 -0.15637 -0.01157 1.605418 -0.04505 -0.27928 
 B(m) 9.21052 0.06645 4.01898 0.01645 -0.26523 -0.87127 -0.01545 0.492344 0.06495 0.25724 

3.1*3.1m V(m) 13.4916 0.62236 2.02997 0.19889 -0.16485 -0.82217 -0.02740 0.763859 0.47677 0.53327 
 B/ha 6.87352 73.2667 5.76810 5.36824 -0.94979 -4.70854 -0.01946 0.093569 4.80659 0.09805 
 V/ha 13.4509 566.2497 -1.84654 197.757 -0.16879 -0.67996 -0.02284 0.902807 2.90315 1.56782 
 DBH(cm) 1.18526 24.3035 4.83526 - - -0.54454 -0.00832 -0.480078 8.16041 0.07258 
 H(m) 6.94958 23.4973 -0.82625 5.88478 -0.17851 -0.21315 -0.01788 0.501450 0.86638 0.17955 
 B(m) 6.00912 0.05342 5.30678 0.00243 -1.46346 -1.48326 -0.02032 0.053709 0.00519 0.08306 

2.3*2.3m V(m) 13.0898 0.78050 5.38569 0.13717 -0.15349 -2.26768 -0.04166 0.292000 0.05312 0.06331 
 B/ha 6.40701 80.2242 5.86305 4.25146 -1.89978 -7.73613 -0.01230 0.063946 7.86591 0.12978 
 V/ha 12.4021 792.7309 3.43166 232.302 -0.18087 -0.96260 -0.02544 0.653843 3.44447 0.34164 
 DBH(cm) 55.6596 - 6.00000 32.9369 -0.01096 -3.1E+23 -0.02037 -2.044816 - -0.00736 
 H(m) 8.39516 22.3513 -6.44060 7.24956 -0.13197 -0.18328 -0.01732 0.784956 0.93966 0.48174 
 B(m) -36.74340 0.23799 5.61178 - - -2.05914 -0.03718 -0.249647 0.00070 0.00421 

1.9*1.9m V(m) 17.2606 0.61436 2.22421 0.17813 -0.10638 -0.64820 -0.04683 0.641827 0.16012 0.19064 
 B/ha 5.89470 69.3251 5.89470 0 - -9.42827 -0.00918 0.000000 9.56627 0.13799 
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 V/ha 9.06330 912.175 5.63480 112.171 -0.32136 -3.29998 -0.03147 0.178919 18.86836 0.07003 
 DBH(cm) -2.39026 23.9895 4.76845 - - -0.49495 -0.01410 -0.577065 6.05689 0.04035 
 H(m) 6.74128 27.1202 -0.32609 5.57754 -0.17644 -0.20228 -0.02269 0.368127 0.82727 0.10280 
 B(m) 10.2859 0.04031 3.19427 0.01012 -0.19612 -0.62323 -0.02337 0.503725 0.04045 0.19907 

1.7*1.7m V(m) 16.1848 0.45409 1.07759 0.14340 -0.12186 -0.63739 -0.04154 0.747405 0.29539 0.36058 
 B/ha 5.91845 67.1125 5.91845 0 - -12.1704 -0.00468 0.000000 12.35452 0.18409 
 V/ha 8.76440 809.9215 5.46456 118.419 -0.34343 -2.36207 -0.02559 0.225619 17.88593 0.10006 
 DBH(cm) 22.3067 - 5.86842 17.9743 -0.03098 -2.24206 -0.02816 -2.406243 - -0.02189 
 H(m) 6.87309 26.8927 -0.99277 5.84337 -0.16240 -0.18836 -0.02266 0.400373 0.78059 0.10844 
 B(m) 14.3525 - 5.52494 0.01512 -0.09720 -1.57408 -0.05021 -0.348057 - -0.02510 

1.5*1.5m V(m) 25.2441 1.04884 2.41370 0.28331 -0.06475 -0.60442 -0.06169 0.568450 0.08707 0.08530 
 B/ha 5.92305 71.8557 5.92305 0 0 -12.9041 -0.00482 0.000000 13.08625 0.18212 
 V/ha 4.66093 1173.51187 5.70325 - - -3.22045 -0.03138 -0.040498 57.19242 0.03661 

Note:            Ts: starting time at inflection point                   dW/dt = Wm - W 
 Ws: total growth of inflection point 
 Zs: max. growth rate at inflection point : catabolic rate 
 T0: starting time at curve cross x-axis                     : anabolic rate 
 W: final yield at asypototic line                    m: intrinsic growth rate 
 Z1: growth rate of T1 
 Z2: growth rate of T2 
 -: no such character 

 

From the fitted parameters of different density, site quality, growth period, and different 
stand characters, we can clearly see that Schnute's growth model can successfully tracked 
sigmoid growth, reversed J-form and renewed growth. 

We can derive and show the  biological meaning of  parameters in the Schnute model.  
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dW/dt = Wm- rW  

The parameters of , m, r can be derived from Schnute model. g, r are standard for 
metabolism and anabolism. Most of the results showed that there are sigmoid curves , the 

growth are accelerate growth in the period of To - Ts ,and decelerated growth in Ts - T. W are 
showed the final limited size. 

 

(2) Annual Growth Rate Curve  
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To differentiate the growth phenomena from the growth rate curve is easy (Pienaar and 
Turbull, 1973). From the analysis of different planting density, we can find that the denser the 
density, the sooner of maximum growth rate will arrive.  Such as 3.1m *3.1m in age 13.4, 2.3m 
* 2.3m in age 11.6, 1.9m * 1.9m in age 12.4,  1.7m * 1.7m in age 10.8, 1.5m * 1.5m in age 7. 
The maximum mean annual volume growth rate is 45 m3/ha (1173.5 m3 in age 26, in density 
1.5m*1.5m stand). 

 

(3) Acceleration Curve 

The relationship between (dZ/dt)/Z  and Z is a line which does not get through the original 
point. The function of the line is as following: 

 

(dZ/dt)/Z = -(r+sZ) 

(dY/dt)/Y = Z 

Y(T1) = W1 

Y(T2) = W2 

Z(T1) = Z1 (T1 >T2) 

Z(T2) = Z2 (W2 >W1>0) 

r  0,  s  0 

Z = (r/s) W W W W
e
e

s s s
r t
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3. Growth curve comparison 

Parallel curve analysis is used to compare the growth types by examining the whole 
process represented by the curve and not just certain points. The parallel curve analysis were 
compared the overall significance of the differences in curve slopes (parallelism) or patterns 
(displacement) by adding the process represented by the curves. Parallel curve analysis calls for 
the need to perform analysis of variance comparison at a number of different values of the 
independent variables and allows statistical assessment of the whole curve. 
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(1) We can classify the parameters of the upper formula into two catalogs one is ”slope 
parallelism” which decides the shape of curve, the other is ”pattern displacement”. The 
slope parallelism are r and s. W1 and W2 are pattern displacement. 
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(2) To fit separated data, to get (ri, si, W1i, W2i) , SS due to residual ( SSR r s W Wi i i i( , , , )1 2
) and 

mean square error ( MSE r s W Wi i i i( , , , )1 2
). 

(3) To fit pooled data with upper model, to get (ri, si, W1i, W2i),  ( SSR r s W Wi i i i( , , , )1 2
) and 

( MSE r si W i W ii( , , , )1 2 ). Those are common value of shape parameters (ri, si) and parallel 

parameters (W1i, W2i). 

(4) To fix slope parallelism with common value of (r, s), then we can get (W1i, W2i), 
( SSR r s W Wi i i i( , , , )1 2

) and  ( MSE r s W Wi i i i( , , , )1 2
). 

(5) To compare the difference of slope parallelism and pattern displacement of the those 
two curves with ANOVA. 

(6) To classify curves into similiar group or not. If there are m sets data and n observations, 
the F test value will be  

 

F
SSR SSR m

SSR n m
r s W W r s W W

r s W W

i i i i i i i i

i i


 



( ) / ( )
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If F Fm n m( , , . )2 2 4 0 05   , shows that there are no significant difference between the two 

formula under 0.05 significant level.  If F Fm n m( , , . )2 2 4 0 05   , shows we need to treat those two 

curves separately. 

(7) If the two curves are the same shape, then we consider the pattern displacement.  We 
have to use m sets data - pooled data with a common line. 

F
SSR SSR m

SSR n
r s W W r s W W

r s W W

i i i i i i i i

i i
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2
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If F Fm n( , , . )2 2 0 01  , shows that there are significant difference between the two formula 

under 0.01 significant level. We have to treat the two curves with a different formula.  If 
F Fm n( , , . )2 2 0 05  , shows that there are no significant difference between the two curves, we can 

use one common line to stand for the curves. 

We use the Eucalyptus grandis data of different planting space, we get the parameters as 
follows: 

 

Table 4. Estimated parameter and SD of Eucalyptus grandis 
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Parameter
Density W1 W2 r s 

25-124 * 47.367812.7273 907.67412.5631 0.09400.0119 0.84060.1288 
247-1428 37.06229.9175 580.82797.8756 0.04580.0099 1.76190.1228 
2965-6726 43.19946.0861 486.83495.2024 0.02100.0078 2.13760.1215 

*note: density: 25stems/ha - 124stems/ha 

 

The results showed that we can use 3 types of curves to describe that growth curves of 
different planting spaces of Eucalyptus grandis.  For homogenerity of variance in each density 
intervals, we can set the parameters to be invariant (Mead, 1970).  From the table, we can find 
that the denser the planting density, the smaller the  W2 and  r ,and  the bigger the s. 

 

CONCLUSION: 

The Schnute's growth model can successfully tracked sigmoid growth, reversed J-form and 
renewed growth of  the different characteristics of stand growth of 5 kinds of density of 
Cryptomeria japonica man-made forests in Taiwan. Excellent agreement between observed and 
expected values has been obtained. 

The parameters of  Schnute's growth curves can response to the different densities of 
stands. To sum up the study with 12 kinds of density of Eucalyptus grandis plantation in South 
Africa which were worked by BredenKamp and Gregoire (1988), and different density of 
Cryptomeria japonica man-made forests in Taiwan, the parameters obtained can be divided into 
four growth types. The different growth types of diameter of breast height are described as 
follows: (1) when the stand density is under 1,000 stems per hectare, the parameters of the 
general growth models are 0<r and 0<s<1, and the growth curve is sigmoid; (2) when the stand 
density is 1,000-3,500 stems per hectare, the parameters of the general growth models are 0<r 

and 1 s, and the growth curve is reversed J-form with asympototic line and non-inflection 
point; (3) when the stand density is more than 3,500 stems per hectare, the parameters of the 

general growth model are -sln(W2/W1)/(T2-T1) <r0 and 1<s, and the growth curve is beyond 
the asymptotic level; with two asymptotes in sigmoid shape. 

Parallel curve analysis is useful in comparing the growth types by examining the whole 
process represented by the curve and not just certain points. The parallel curve analysis compare 
the overall significance of the differences in curve slopes (parallelism) or patterns 
(displacement) by adding the process represented by the curves.  
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