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THIRD-ORDER POLYNOMIAL FREQUENCY  
ESTIMATOR FOR MONOTONE COMPLEX SINUSOID

Jan-Ray Liao1,2,*　Sheng-Kai Wen2

ABSTRACT
Frequency estimator of monotone complex sinusoid is a fundamental problem in signal processing. 

One of the approaches is to directly estimate the frequency from interpolation of the discrete Fourier 
transform coefficients. These direct approaches try to find a first-order approximation to the frequency and 
the remaining higher-order terms lead to estimation bias. In this paper, instead of considering the higher-
order term as the source of error, we propose to use the higher-order terms to our advantage by solving the 
higher-order polynomial equation. We derive the conditions to obtain two third-order polynomial equations 
and the optimal conditions to apply the two equations. Experiments show that the new estimators can 
reduce the estimation bias by seven orders at large frequency offset.
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1. INTRODUCTION

Frequency estimation of a single-tone complex 
sinusoidal signal is a fundamental problem in digital 
signal processing and has applications in areas such as 
radar signal processing and communication. The signal 
can be describe as:

 , n = 0,1...N - 1 (1)

where A0, f0 and θ0 are the amplitude, frequency, and 
phase of the signal, respectively, the term w[n] is an 
additive noise, fs is the sampling frequency, and N is the 
number of samples.

When the noise w[n] is a zero-mean white Gaussian 
noise, Rife and Boorstyn [1] showed that the maximum 
likelihood (ML) frequency estimation is the frequency 
that maximizes the magnitude of the periodogram of s[n]:

  (2)

They also showed that the Cramér Rao lower 
bound (CRLB) of the mean squared error (MSE) for the 
frequency estimation is:

  (3)

where ρ is the SNR of s[n].
Equation (2) can be implemented as a search 

operation in the continuous domain of f. However, such 
an implementation is not feasible in many applications. 
Therefore, the search for the frequency is usually divided 
into two steps: A coarse search and a fine search. The 
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coarse search is to find the peak magnitude of the discrete 
Fourier transform (DFT) of s[n]:

  (4)

Let kp be the index of the peak magnitude in Equation 

(4). The fine search is to find an offset  with  in 

the vicinity of kp. The estimated frequency is then:

  (5)

Previous methods for fine search can be divided into 
two categories: Iterative approaches and direct approaches. 
For the iterative approaches,  is repeatedly refined [1-10]. 
For the direct approaches,  is directly calculated from the 
three spectrum lines S  [kp] [11-16] or more [13,17]. While 
iterative approaches are much more accurate, direct 
approaches have the advantage of low complexity. In this 
paper, we will focus on improving the direct approaches.

If expressed in Taylor series, all previous direct 
approaches try to find a first-order approximation of 
δ from the spectrum lines. This leads to higher-order 
estimation bias. Among the direct estimators, the bias 
of the estimator proposed by Candan [15] has been 
proved to be the best experimentally. In this paper, we 
seek to reduce the bias to a level lower than Candan’s 
approach. At first, we use Taylor series expansion to 
derive a general expression for the estimation when both 
numerator and denominator are linear combination of the 
spectrum lines. Through the general expression, we show 
that the higher-order terms cannot be eliminated if first-
order approximation of δ is desired. However, the general 
expression is a polynomial equation with variable δ. 
Therefore, instead of considering the higher-order terms 
as the sources of error, we can use the higher-order term 
to our advantage and solve the polynomial equation for 
δ. We show that two third-order polynomial equations 
can be derived and one of them is suitable for estimating 
positive δ and the other is for negative δ. Therefore, we 
propose a new estimation algorithm by combining the 
solutions of the two third-order polynomial equations. 
Experiments show that the new algorithm can reduce 
the estimation bias by seven orders at large δ and can 
approach CRLB in a larger range of SNR than previous 
algorithms.

This remainder of the paper is organized as follows: 
In the second section, the new estimation algorithm is 
derived. In the third section, experiments show the 
advantages of the new algorithm. In the fourth section, 
we conclude.

2. THEORETICAL ANALYSIS

Since we will use the three spectrum lines: S  [kp - 1],  
S  [kp], S  [kp + 1] to derive a new estimator. The first step 
is to find the analytical expressions for the three spectrum 
lines. For the noise free case, we set the noise w[n] to 
zero in Equation (1) and plug Equation (1) and Equation 
(5) into Equation (4), we get:

  (6)

where δ is the true frequency offset. The equation is the 
sum of a geometric series and the three spectrum lines 
can be expressed as:

  (7)

  (8)

  (9)

Most of previous direct estimators divide two linear 
combinations of the three spectrum lines to remove 
the common terms in Equations (7) ~ (9) and used the 
divided value to approximate δ. The result of the division 
can be expressed as a function depends on δ and N:

 (10)

where ai and bj (i, j = 1, 2, 3)  are all constant real 
numbers.  As an example, the current best Candan estimator 
uses the following values: a1 = tan(π / N ) / (π / N ), 
 a2 = 0 , a3 = -tan(π / N ) / (π / N ) , b1 = -1, b2 = 2, 
and b3 = -1.
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Examining the phase of Equation (7) ~ (9), we can 
see that S  [kp - 1] and S  [kp + 1] have an extra phase term 
of exp(-jπ / N ) and exp( jπ / N ) as compared to S  [kp]. 
Since the extra phases do not depend on δ and interfere 
with the estimation, it will be beneficial to remove them. 
This can be accomplished by multiplying a constant 
exponential term pc = exp( jπ / N ) to S  [kp - 1] and its 
conjugate to S  [kp + 1]. The corrected spectrum lines are 
expressed as:

  (11)

  (12)

After the correction, the phases of the three spectrum 
are synchronized and phase-corrected version of the 
direct estimator can be expressed as:

 (13)

In this paper, we will concentrate on the phase- 
corrected version of the direct estimator because the 
synchronized phase makes it more accurate. To simplify 
the expression in the following discussion, we will 
simply express Dc (δ, N ) as Dc.

Plugging Equations (7) ~ (9) into Equations (13) and 
after simplification, we get:

  (14)

where the terms T1, T2, and T3 are:

　　　　　  (15)

　　　　　  (16)

　　　　　  (17)

Expanding sinusoidal function into Taylor series up 
to the third order an applying them to the above three 
equations, we get:

 (18)

 (19)

 (20)

Plugging the above three equations back to Equations 
(14) and multiplying the denominator to the left-hand 
side of Equations (14), we obtain the following sixth-
order polynomial equation:

p6δ6 + p5δ
5 + p4δ5 + p3δ

5 + p2δ5 + p1δ
5 +p0 = 0 (21)

where

　  (22)

　  (23)

　  (24)

　  (25)

　  (26)

　  (27)

　  (28)
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Examining Equations (15) ~ (17), we can deduce an 
important constraint on selecting ai and bj , i.e., b2 ≠ 0. This 
is because the denominator of Dc becomes zero at δ = 0  
if b2 = 0 and the estimator becomes unstable. Examining 
the seven coefficients in the polynomial, we can see p1 , p3 ,  
and  p5 all depend on the variables a1 - a3 - Dc (b1 - b3).

This means that if a first-order solution Dc ≈ δ is 
attempted, the third-order and the fifth-order terms cannot 
be eliminated and they contribute to approximation error. 
Instead, if the higher-order terms are considered as parts 
of a complete polynomial equation, a much more accurate 
estimation can be achieved. The only problem is that the 
sixth-order polynomial equation is too complicated to solve.

The complexity of the polynomial equation can be 
reduced by examining Equations (14). For two special 
cases: 1. a1 = a2 = 1 , a2 = a3 = b1 = b3 = 0 ; and 2. a3 = b2 = 1 ,  
a1 = a2 = b1 = b3 = 0 , Dc becomes:

  (29)

For these two cases, applying Taylor series 
up to the third-order results in two third-order 
polynomial equations. Let E = 1 - Dc. The third-
order equation is:

   (30)

where the sign on the top applies to case 1 and the sign on 
the bottom applies to case 2.

The approximation error of Equations (30) can be 
understood by extending the Taylor series to the fifth-
order term. They are -π4

 [δ
5 - Dc (δ ± 1)5

 ] / (120N4). Figure 
1 shows the absolute values of the fifth-order terms with 
respect to δ at two different Dc for N = 32. It can be easily 
seen that the first case has smaller error for negative δ 
and vice versa. Therefore, the first case should be applied 
for negative δ and the second case should be used for 
positive δ. The determination of the sign of δ can be 
accomplished by comparing the magnitude of S [kp + 1] 
and S [kp - 1]. When δ > 0, |S [kp + 1]| > |S [kp - 1]| and vice 
versa. For both cases, only one of the three roots of the 
polynomial satisfies |δ| < 0.5 and the solution is shown 

in the equation below. Therefore, we can summarize the 
algorithm as follows:

  (31)

where

  (32)

 pc = e  
jπ/N (33)

 E = 1 - Dc (34)

　  (35)

　  (36)

　  (37)

　  (38)

 G1 = -2F3
2 + 9F1F2F3 - 27F2

1F4; (39)

 G2 = -F2
2 + 3F1F3 (40)

While the estimator is much more complex than the 
other direct estimators, its estimation bias can be seven 
orders better as will be shown in the experiments. Therefore, 
if accuracy is desired, the sacrifice in complexity may 
be acceptable. There is also a possibility of reducing the 
complexity by table lookup. If we examine Equations (31) 
~ (40) closely, the final output  depends only on Dc and N 
while N is usually fixed for most applications. Therefore, 
we can generate two tables indexed by D for the cases of  
|S [kp + 1]| < |S [kp - 1]| and its opposite. With the two tables, 
a simple lookup can generate the estimation results.
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3. EXPERIMENTAL RESULTS

3.1  Estimation Bias
We compare the proposed estimator with Jacobsen 

and Candan estimators because Candan estimator is the 
current best estimator and it is derived from Jacobsen 
estimator. We use the following experimental parameters 
to compare the bias: w[n] = 0, kp = 3, fs = 1, and δ 
varies from -0.49 to 0.49 with step size 0.01. The bias is 
calculated as (δ - ) where δ is the true frequency offset 
and  is the estimated frequency offset. The absolute 
value of bias with respect to δ for N = 256 is shown in 
Figure 2. Since the bias is symmetric, we only show the 
part for positive δ. Figure 3 shows the absolute value of 
biases with respect to the number of samples N at two 
different δ. In these two figures, we can clearly see that 
the proposed estimator provide significant reduction 
on bias. In Figure 2, the maximum and minimum bias 
differences between the proposed estimator and the 
Jacobsen estimator are 107.5950 and 105.4411 respectively. 
The maximum and minimum bias differences between 
the proposed estimator and the Candan estimator are 
107.0946 and 101.4412 respectively. This means that more 

than seven orders of improvements can be achieved at 
large δ. In Figure 3, we can see that the gap between the 
proposed estimator and the other two estimators gets larger 
as N gets larger. This means that even larger improvements 
can be achieved as N gets larger.

3.2  Performance under Noise
To test the performance under noise, white Gaussian 

noise is added to the signal with the following parameters: 
N = 256, kp = 3, fs = 1, or δ = 0.4. The error of the 
estimated frequency is calculated as ( f0 - ) where  is 
calculated as in Equations (5) and f0 is the true frequency. 
Each experiment is repeated 10,000 times and MSE of the 
estimated frequency is calculated. Figure 4 shows MSE 
with respect to SNR. From the figure, we can see that the 
proposed estimator follows CRLB closely in the entire 
range of SNR while the other two estimators become flat 
after a certain SNR threshold due to their larger bias. At 
δ = 0.4, MSE of the proposed estimator is almost equal 
to CRLB. At δ = 0.1, the proposed estimator is slightly 
more sensitive to noise than the other two estimators. 
However, the proposed estimator is still very competitive 
because its SNR range is larger.

Figure 1. The absolute value of the fifth-order terms in the polynomial equation with respect to δ.
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Figure 2. Absolute value of bias vs. frequency offset δ for N = 256.

Figure 3. Absolute value of bias vs. number of samples log2(N) at δ = 0.1 and δ = 0.4.
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Figure 4. Mean squared error of estimated frequency vs. SNR: (a) δ = 0.1 and (b) δ = 0.4.
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4. CONCLUSION

Since previous direct frequency estimation approaches 
try to fiin a first-order approximation of δ from the spectrum 
lines, the remaining higher-order terms lead to estimation 
bias. In this paper, we use third-order Taylor series 
expansion to derive the general expression for the 
estimation when both numerator and denominator of 
the estimator are linear combination of the spectrum 
lines. We show that the general expression is a six-order 
polynomial equation of δ and its higher-order terms 
cannot be eliminated if first-order approximation of δ is 
desired. Instead of considering the higher-order terms as 
the sources of error, we propose to use the higher-order 
term to our advantage and solve δ from the polynomial 
equation. We show that two third-order polynomial 
equations can be derived under two special conditions. 
One of the equations is suitable for estimating positive δ 
and the other is for estimating negative δ. Therefore, we 
combine the solutions of the two third-order polynomial 
equations and devise a new estimation algorithm. The 
algorithm is summarized in Equations (31) ~ (40). 
Experiments show that the new algorithm can reduce 
the estimation bias by seven orders at large δ and can 
approach CRLB in a larger range of SNR than previous 
algorithms.
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